SYMMETRIC SIMPLE GAMES

Robert James Weber

Cornell University

1\

AD-757 354

Prepared for:

Office of Naval Rescarch

February 1973

DISTRIBUTED BY:

Naticnal Technica! Information Service
U. S. DEPARTMENT OF COMMERCE
5285 Port Royal Road, Springfield Va. 22151

J
—




™ B\ NPT TR

ADY57354

PP S BRI 20t P, L O

DEPARTMENT
OF

OPERATIONS RESFARCH

Reprodoce thhy

NATIONAL TECHNICAL

INFORMATION SERVICE
S Lepurt (VL

[epartme o niercn
Sprngheld va 2219

COLLEGE OF ENGINEERING

CORNELL UNIVERSITY
ITHACA, NEW YORK 14850

AR IR SV & o HA"t‘r.t.m A

PETEEN ix putaiie setoamg
ms Unlagted

—-—..—..._.‘._.__ o
RO




— UNCLASSIFIED .

Secunty Clas gt wtoon
DOCUMENT CONTROL DATA - R & D !
Soomraty o day abrcatew of tyed o ool of Wb frae b arels i o atatio e Cor e enterad whiess thee aveeadl vy et ol iy .'
1 ONIGIMNATING ACTI et Ty (Corpatate wiithior . Qi HL B Ol 90 C el e CL & L0 40 ATty
Cornell University UNCLASSIFIED
Department of Operations Research & Guour i
Ithaca, New York 14850
) REPGHT TiTLk T = o - - R
| SYMMETRIC SIMPLE GAMES
r;' f 4 DESCRIPTIVE NOTES (Ty e of '(‘[luf:H:llH Iu,nt-' J.A-I.l_';T T T »
Technical Report
E 3 AU Y;(osus» (}-':r)l I‘J.’—!_'u,__m.ulclll‘ i tial, !n-.; n_._.fr-. - ]
3
: Robert J. Weber
e
6 REFORT Daff - - Ta. TOTAL 1.0 OF FPAGHES b, NO OF HEFS
February 1973 8 5
8a. CONTHACT OR GHANT MO T _ 9a. OHIC.INAT;)M"-o-'-Pf'J:Y VLM R Y]

NOOO14-67-A-0077-0014

b, PROJECT NO

Technical Report No. 173

WA O THENR REPORT fOSh (Any other numbers that may be ansipned
this repor?)

d.

10 DISTRIBUTION STATEMENT

This document has been approved for pubtlic release and sale; its distribution is
unlimited.

11 SUPF LENMUSTANYY NTTLES 12 SPOHSOFRINS LI
Operations Resecarch Program
Office of Naval Research

Arlington, Virginia 22217

TARer AT TIITy

13 ADSTHACT

A symmetric simple game is an n-person game in which the winning coalitions are
the coalitions of at least k players. All von Neumann-Morgenstern stable sets,
in which (n-k) players are discriminated, are characterized for these

games.,

DD 3. 1473 (ract 1) UNCLASSIFIED

S/N 0101-807-6811 TS

A-T140~

ik et

e

PP e RO

-

g




UNCLASSIFIED

= Securorty Classalucation

14 LiNrg A LiIMNK B

KEY YOHUS ==
KoL L v HOL ¢ wr

game theory

cooperative games

characteristic function games
simple gamcs

symmetric games

majority games

stable sets

von Neumann-Morgenstarn solutions
discriminatory solutions

Al

FORM .
DD "3 1473 tsacx) UNCLASSIFIED

$S/N 0101-807-64> Sccunity Clasaihication

A-3140




Hpecvriey Sl s bory

e -

LTy,

b o W,

DEPARTMENT OF OPERATIONS RESEARCH
COLLEGE OF ENGINEERING 4
CORNELL UNIVERSITY i
ITHACA, NEW YORK

R

TECHNICAL RZPORT NO. 173

February 1973

D PR R T

SYMMETRIC SIMPLE GAMES

e

by

Robert James Weber

This research was supported in part by the Office of Naval
Research under Contract Number N00014-67-A-0077-C014 and by {
the Natioral Science Foundation under Grants GK 29838 and

GP 32314x.

il ki s

S L

Reproduction in Whole or in Pert is Permitted for any Purpose
of the United States Government.

1T

s hiﬁ_'nw-xvhp .




Sgdeat acay B e L L e e et o L g e o A oo gl caanzian coo o p N L o v T

A questicn of interest in the study of n-person games concerns conditions I

under which a set of players of a game may face discrimination which, in a sense,

4
3
{ excludes them from the bargaining process. In [2, 4, 5], discriminatory soluti-,ns
are given for several classes of games. In this paper, a characterization is given
I of all discriminatory solutions for n-person games in which all coalitions with
f at least k players win, and all coalitions with less than k players lose. b
E The symmetric solutions of thecse games were given in [1] for the case k > % : ;
An n-person game is a function v from the coalitions (subsets) of a set
t of players N = {1,2,...,n} to the reals satisfying ]
)
| ]
v(#) = v({i}) =0 for all i €N ;
.‘t
£
0 <v(S) <1 for all S SN :
v(N) = 1 . ]

It is assumed throughout that n > 3 . For any real vector x € Rk , define

x(s) = | X3 and define xs as the restriction of x to the coordinates in
i€s

S . Let é

X = {x €R™: x(N) =1,x; >0 forall i €N}

If x,y € X, then y dominates x with respect to a non-empty coalition S ,

written y domsx , if ys > xs and y(S) < v(S) . For A <X, define

dom A = {x € X: ¥y domsx for some S C©N , y € A}
K <X satisfying

E A solution, or von Neumann-Morgenstein stahle sct, is any sot

K Udom K = X , (1)

K Ndom K = @ . (2)
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Any set K satisfying (1) is said to be externally stable; any set satisfying
(2) is internally stable. Motivation for these definitions is given in [3].

A symmetric simple game, or (n,k)-game, is an n-person game satisfying
v(S) = 0 if |5| < k
v(S) =1 if |S| >k,

where |S| denotes the number of players in the coalition S . Ciearly domina-
tion in this game can occur only with respect to coalitions of at least k

players. A p-discriminatory solution is a solution

D(a.,...,ai;il,...,ip) = {x € X: X; ®ay for all 1 <k < p} .

b P k k

The main result of this paper is a characterization of all m-discriminatory
solutions for the (n,n-m)-game.
For m<;, let MC N be a set of m plavers, and let P = N-M . Also

let a be a non-nogative m-vector, and write K(a) for D(a;M)

Theorem. K(a) is an m-discriminatory solution of the (n,n-m)-game if and only if
a(M) (n-m-l)ai <] (3)

for all i €M .

The proof follows a sequence of lemmas.

L.mma 1. For any a , K(a) 1is internally stable.

Proof. Assume on the contrary that x,y € K(a) and y domsx . Since

yM =q = xM and |S| > n-m , it follows that S = P . However, y(M) = x(M) and

y(N) = x(N) imply y(P) = x(P) and therefore y.

i % for some i €P , a

contradiction.
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Lemma 2. Suppose x € K(a) . Then x £ dom K(a) if and only if

a(M) + x(SNP)>1 or xsm £ asm (4)

for all S CN with [S| = n-m .

Proof. If y € K(a) and y dom.x , then IT| > n-m . Take any S ST with

St S s

S| = n-m . Then y dom and x Since 2m<n ,SNP 49

sX »

and therefore
a(M) + x(SNP) <yM +y(sNP) < 1.

This establishes the sufficiency of (4). To establish necessity, assume that

(4) fails for some S . Let

y, = Q. i€e€M
yi = % + (1-a(M)-x(S nre))/ls ne| iesnNpe
y; =0 iepP-5.

Then y € K(a) , ¥y domsx and therefore x ¢ dom K(a) .

Lemma 3. Let t(x) = (i €M|x; > a;} . If t(x) =M, then x € K(a) Udom K(a) .

i
If t(x) ?M , then x £ K(a) U dom K(a) if and only if

a(M) + x(S Np) >1 (S)
for all S ©N with |S| = n-m and t(x) NS =g .

Proof. Assume t(x) =M , and let € = x(M) - a(M) . If € = 0 then x € K(a) .

If € >0, let
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ieM
yinxi+€/(n-m) iepP .

Then y € K(a) und y dompx . The remainder of the lemma is simply a restate-

ment of Lemma 2.

Lemma 4. There exists x £ K(a) U dom K(a) with t(x) = T if and only if
a(M) + |SNP| - (1-a(T))/(n-m) > 1 (6)

for all S CN such that |S| = n-m and SNT =9 .

Proof. For any x € X , let

Y; * 9 1¢T
y; = 0 i€ M-T
y, = x ¢ (x(M) - T)/P|  i€P.

If x satisfies (5), then y clearly also satisfies (5). Therefore by iLemma 3,
there exists x £ K(a) U dom K(a) with t(x) =T if and only if there exists

some Yy such that
y(P) = 1-a(T)
a(M) + y(s NpP)>1 (7)

for all S CN with |S| =n-m and SNT =g . By the symmetry of (7), such

a y exists if and only if (7) is satisfied when

ke i bt gl S o e

e i




y; = (1-am)/|p| icep.
This establishes the lemma.

Proof of theorem. Observe that (6) is satisfied if and only if it is satisfied

when |S N P| is minimized, that is |SNP| =n - 2m + |T| . Therefore, in

view of the preceeding lemmas, K(a) 1is externally stable if and only if
a(M) ¢ (n-2met)(1-a(T))/(n-m) < 1

for all T F M , whore |T| = t . Replacing T with M-T , this condition is

equivalent to
t - a(M) + (n-m-t)a(T) <t (8)

for all TCM with |T| = t> 0. For t =1, this is exactly the condition

(3) of the theorem. For t > 1 , (3) jmplies
t - aM) ¢+ (n-m-t)a(T) <t - a(M) +t - (n-m-1)a < t,

wherc a = max (ai) . Thus (8) is equivalent to (3), completing the proof of
ieM

the theoren.

Comments.

1. With slight modifications to the proof, the theorem may be shown to hold for
all @ <m<n-2.

2. The rneorem characterizes all m-discriminatory solutions to the (n,n-m)-game.

It is e->ily verified that the game has no k-discriminatory solutions for k f m .
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